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Bidirectional random motion driven by globally coupled noisy active elements in an electric field
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The assembly of the insulating Brownian particles globally coupled due to the macroscopic flow of the
liquid with low conductivity has transitions between the states of random motion and random bidirectional and
unidirectional motion. The threshold values of the parameters for the transition to random bidirectional motion
is found by the effective field method and correspond to those found by Brownian dynamics. The behavior of
the assembly is similar to the behavior of different active multistable systems.
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Bistable systems in the presence of thermal noise havelectric field above the threshold value. A random thermal
gained great interest recentil—3]. Among the unusual motion causing the transitions between the states of a
properties of these systems negative stiffnglls negative  bistable system with the contributions of the opposite sign to
friction coefficient[5,6], and resistance due to rectification of the effective viscosity leads to the diminution of the negative
Brownian motion[7] should be mentioned. Another interest- viscosity effect. Another situation, as considered here, arises
ing feature lies in the symmetry breaking transitions leadingvhen the rotation of the particles themselves creates the
to the synchronized behavior of the globally coupled multi-shear flow. In this case due to the global coupling induced by
stable systems. Such transitions have been found for swarnthe flow a synchronous rotation of the particles is possible
ing animals[8,9], limit-cycle oscillators[10], chaotic dy- even below the threshold value of the electric field. A con-
namical systemg11], cooperative molecular motorfd?],  straintimposed on the free plate allows its motion only in the
and others. The bidirectional random motion was observeg@ositive or negativey axis direction. Thus a bistable system
recently in the motility assays for filaments coupled to thearises where the bistability is due to the free plate motion.
assembly of genetically modified molecular motdfs3].  Here we show that the assembly of the noisy active particles
This feature of the motion was reproduced by a model ofs able, in a certain range of the parameters, to create random
two-state rigidly coupled motors with external noigB4].  bidirectional motion of the free plate. The dynamics of the
Here we consider another system with similar propertiessystem is characterized by several transitions between ran-
The assembly of insulating Brownian particles in a liquid of dom motion, bidirectionality, and directed motion. Transition
low conductivity occupies the space between two solidio the bidirectional random motion may be described by a
plates. One of the plates can freely slide with respect to thenean field approximation. In the analysis of the time auto-
other iny axis direction. An electric field is applied perpen- correlation function of the velocity of the free plate, correla-
dicularly to the plates iz axis direction(Fig. 1). The direc-  tjon time in dependence on the physical parameters involved
tion of the induced dipolar moment of the particle in quies-has been found. The increase of the correlation time with the
cent fluid due to its negative susceptibility is opposite to theelectric field shows the transition to the unidirectional regime
electric field. Since the particle polarization time is finite, when its strength is large enough.
then in the vorticity of the flow induced by the motion of the  The set of equations includes the stochastic relaxation
free plate, the dipolar moment acquires the component peequation for the dipolar moment of each particle in the ex-
pendicular to the field. As a result, the torque appears anghnq| electric fieldE along thez direction[17] (i=1, ... N,
creates the rotation of the particle in the direction whichy s the number of active particlgs
sustains the motion of the free plate. This is the so called
negative viscosity effect predicted quite a long time &tfsi
and confirmed experimentally recenfly/6]. Due to the con- A7
tinuous energy supply from the batteries, the assembly be-
haves as an active system with the global coupling between
its elements induced by the liquid flow. The theoretical pr 5
model of the system includes the polarization relaxation / i
equation of the particlegl7] and the equation of motion of

7\
the system with internal rotatiori&8]. Since particle rotation _o
=

vy <

in the yz plane can occur in two possible directions, the E
system possesses the properties of a bistable systgi]in
the case is considered where the bistability of the system

arises due to spontaneous rotations of the particles in the e

FIG. 1. An insulating particle in a shear flow under the action of
*Electronic address: aceb@tesla.sal.lv an electric field.
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P - - 1 - . the elements. In the continuum limit, the parameteeduces
d_tl =[Qi X Pl = =(P; = (xo— x=)E), (1) to ney/47, wheren is the number of particles per volume
7 unit[15]. Noise(},; for the different particles is uncorrelated.

I Equation Q,=0 in the mean field approximation
O =Qq+ —[P; X E]+ Q. (20 1/NZ), P,,=P, and the absence of the noise fy gives
ar P?=[1/(1+a)](E?/E2). Thus the solutioriP;| <1 is possible
Here xo.. are the susceptibilities of particle polarization at at the electric field above the critical valis =E./\1+a,
low and high electric field frequencies correspondingly: ~ which ata>0 is less than the threshold value of von Quinke
effect E.. The velocity of the free plate scaled withh/2r

Xo= %M inducing the synchronous rotations of the particleE atEx
A Yo+ 2y, found from Eq.(3) is
_ 3V€1 €~ €71 a E2
Xe= 4T €+ 26’ v_il_+a E*z_ '
T= €+ 2e1/47 (v, + 2), Thus the motion of the free plate occurs in positive or nega-

: . . . _ - tive y axis direction aE> E.. In the presence of the thermal

is the Maxwell relaxat|or1 timeg is the rotational friction noise transitions between these two states are possible. The
coefficient of the particle(), is the vorticity of flow,Vis the  regimes arising in this case can be found by the numerical
volume of the particle, index 1 refers to the fluid anq index 2splution of the set of stochastic differential equatiofs<(6).

to the particle. The vorticity of the macroscopic flddy in It is carried out by the Brownian dynamics method as de-
assumption of the Couetta flow between two plates is exscribed in[19].

pressed through the velocity of the free plateas ﬁo: Disp_ersions of the random_ angle; of the particle rptation
~(v/2h)&, (h is the distance between the plateEhe veloc- according to the fluctuation-dissipation theorem are given by
ity of the free plate is determined by the balance of the vis{k=1,2 denotes the components of the random angular ve-
cous force and the force due kbactive polarizable particles. locity €,; perpendicular to instantaneous directionipf

Since the torque on the particle ﬂéi X E]X, then the force
applied to the liquid and as consequence to the playeaixis (QWA1?) = 2L At
T

direction can be written as 1d2|5i><|§]x, whered is the B

characteristic length with the order of magnitude of the par-

ticle diameter. Thus the force balance on the free plate reacJ_s,lere TB:af/kBT.'S th? characteristic Brownian time. Since
In our caserg/ 7 is quite large then adiabatic approximation

Nl L [20] according to whichP;=-€-ri; may be applied. In this
—av -2 2_d[Pi X E]=0. (3)  approximation the Fokker-Planck equation for the probabil-
i=1 ity distribution functionW(n) corresponding t@¢5) and(6) in
Herea=7S/h, Sis the area of the plate; is the viscosity of the case when global coupling is absent and the particles are
the liquid. independent i$K,=[NX (a/n)])
Introducing as a characteristic time scale the Maxwell re-

laxation time 7, P=~(x~ x)EP and introducing the unit IW_ TRA(KEW) + —K2 W. )
B

- o -SR-S a
vector n along the polarization directioR=Pn (tildas fur- '
ther are omittefithe set of dimensionless equations for theygre the potentiaE of the active element reads

globally coupled noisy active particles (s=1, ... N)

i co (et e .
at =[Qni X 1], (4) T njen zEg(e' =) (8)
dp Equation(7) as a steady solution has
—t=-(P+€-n), (5
dt 2
— 01 aR| 8/, 1TBE 2 A\2
W,y(ny) = QY|én| ™ exp| - E—E(e-n) : 9
= 1. B, R T
Oy = agﬁzl Piyex+ E(l ~ g2 )[e X 0]+ Q. (6) Normalized distributionW,=Wy(n,)/Wy(1) of n, values
C 1= [ C

obtained according to the Brownian dynamics and averaged
Here the critical electric fieldE2=—{«,/ m(xo- x..)] is intro- ~ for 10 realizations of X 10° long runs with time stepit
duced. AtE>E, spontaneous rotations of the single par-=0.01 forb=(7s/7)(E?*/E2)=0.4 and calculated according to
ticles, the so-called von Quinke effeft9] arises. The pa- the relation(9) is shown in Fig. 2. The distributiow, of n,
rametera=,N/4hde characterizes the global coupling of values is calculated according to the relation
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FIG. 2. Distribution of then, component.N=1, a=0, /7 FIG. 4. Transition to the bimodal distributiofN=40, a=3,
=10. Averaged by 10 realizations oP&L(P time step runs with 75/ 7=10. Averaged by 10 realizations ofxG10° time step runs
At=0.01.E?/E2=0.4. with At=0.01.E?/E2=0.43(square E2/E2=0.44(empty circles;
E?/E2=0.45filled circles.
WOy(ny):Q_lj 8(n, — sin ¥ sin ¢)|cos 9|8 effective field approximation which has been successfully
applied to the problems of the magnetic relaxation in mag-
xexp(— b sir? 9)sin dddde. (10) netic colloids even in situations far from the thermodynamic

equilibrium[21,22. According to it
The normalized probability distribution W, q [ 3 g

=Wpy(ny)/Wo,(0) found by Brownian dynamics and aver- .
aged for 10 realizations of$1(° long runs with time step W=0Q7 ex (_ E + M)
At=0.01 forb:(rB/r)(EzlEg):OA and calculated according P KeT  kgT /'
to the relation(10) is shown in Fig. 3. We see that in the
absence of the global coupling the distribution of the transy, hare the value of the effective fielis fixed by the con-
versal to the electric field component of the dipolar momentyision
of the particles is unimodal.

At nonzero values of the coupling paramedea transition
to the bimodal distribution for the transversal component of J AW(A)d2A = (F).
polarization takes place. In the mean field approximation
1IN=N, Py, =Py valid if the number of particles in assembly

is large enough, the Fokker-Planck equation reads The equation for the effective field parameteis found by

oW o - ;- multiplying Eq.(11) with n and taking the average. Account-
I Kn(QoW) + ;K(KnEVV) + ?Kﬁw- (1) ing for the antihermitian property of operati, we obtain

' B (() denotes the average with respect to the distribution func-
Here Q,=a(E2/E?)P([fi X ]-6,)6, whereP=-n, according  10N'W)
to the adiabatic approximation. The critical parameters for

the transition to the bimodal distribution can be found in the 1 T T T T
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FIG. 3. Distribution of then, component.N=1, a=0, 7g/7 FIG. 5. Random bidirectional motion of free platd=20, a
=10. Averaged by 10 realizations of<510° time step runs with =3, 5x 1P time steps withAt=0.01 are shownE2/E§:0.54,
At=0.01.E?/E2=0.4. 5/ 7=10.
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FIG. 6. Plate velocity autocorrelation functiohl=20, a=3,
15/ 7=20. Averaged by 10 realizations of&10° time steps with
At:O.Ol.E2/E§ changes from 0.4 to 0.36 starting from above.

AW

ot (12

([€3 X ) = — (X = (i - ).

This is a nonlinear equation for the effective field In the
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FIG. 7. Plate velocity correlation time in dependenceEShEg
for 7g/7=20 (open circley 7g/7=15 (filled circley; 7mz/7=10
(squares N=20,a=3. Averaged by 10 realizations 0b&10° time
step runs withAt=0.01.

E?/EZ are shown in Fig. 4. We see that the transition to the
bimodal distribution occurs folE?/E? between 0.44 and
0.45. This value coincides reasonably well with that found

linear approximation, Eq12) allows one to study the stabil- o the solution of Eq(14), (E2/E§)*:0.4432. If the num-

ity of the unimodal distribution with respect to the formation o ¢ particlesN is not large enough, the threshold value

of the state with transversal mean polarization. In this Case(g2/E2), diminishes with respect to thét found in mean field
C

ANy approximation. Above the critical valuge?/ Eg)* beautiful
W=Wp(1+ keT random bidirectional motion of the free plate arises as shown
in Fig. 5.

The characteristic time of bidirectional oscillations may
be found from the study of the time autocorrelation function
of the free plate velocityC(t)=(v(0)v(t))/{v(0)?). For par-
ticular values of the parameters they are shown in Fig. 6. For
Here (), denotes the moments of the distribution functionthe timet not too largeC(t) obeys the exponential law
W,. The condition of the instability of the unimodal distribu- €Xp(—t/ 7). The characteristic plate velocity correlation time
tion reads 7. is found from semilogarithmic plot of autocorrelation
functions. Its dependence de?/E2 for several values of
s/ 7in semilogarithmic coordinates is given in Fig. 7. These
results show that at the increase of the paramgtég?, the
velocity relaxation time increases drastically. Due to this the
dynamics of the system becomes unidirectiond’:’%ng is
large enough, for example aEZ/E§=O.65; N=20;7g/ T
=10;a=3 unidirectionality is conserved for %10° time
steps withAt=0.01 long run.

Thus, the results obtained show that the assembly of the
insulating particles in liquid with low conductivity allows
Here f(rg/7,b)=/§x®™ exd—%bxz)dx. The threshold one to create globally coupled system of noisy active ele-
value of the parametds found by the solution of Eq(14) ments. Its properties are similar to those found in different
coincides reasonably well with that found by Brownian dy- active multistable systems. It allows one to study the transi-
namics simulation. The distributions of found numerically ~ tion rates between the steady states of the non-equilibrium
in the caseN=40 anda=3;m5/7=10 for three values of system which have attracted great interest.

and Eq.(12) gives

2
%ntﬁ - al"y(a%%”?”@o - —<n§>o)) . (13

B E? 2.2 2
a__2<nzny>0 - (1 - <nz>0) > 0.
T ES

The threshold value of the parametaar(rB/r)(EZ/Eﬁ) for
the transition to the bimodal distribution is found from the
solution of the equation
_ fo(TB/T,b) + fl(TB/T, b)
" fy(rl7,b) — fo(relT,b)

(14)
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